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To quantify the entanglement is one of the most important topics in quantum entanglement theory.
In [arXiv: 2006.12408], the authors proposed a method to build a measure from the orginal domain
to a larger one. Here we apply that method to build an entanglement measure from measures
for pure states. First, we present conditions when the entanglement measure is an entanglement
monotone and convex, we also present an interpretation of the smoothed one-shot entanglement cost
under the method here. At last, we present a difference between the local operation and classical
communication (LOCC) and the separability-preserving (SEPP) operations, then we present the
entanglement measures built from the geometric entanglement measure for pure states by the convex
roof extended method and the method here are equal, at last, we present the relationship between
the concurrence and the entanglement measure built from concurrence for pure states by the method
here on 2⊗ 2 systems. We also present the measure is monogamous for 2⊗ 2⊗ d system.
PACS numbers: 03.65.Ud, 03.67.Mn
I. INTRODUCTION
Quantum entanglement is one of the essiential features
in quantum mechanics when comparing with the classical
physics [1, 2]. It also plays key roles in quantum infor-
mation processing, such as, quantum cryptography [3],
quantum teleportation [4] and quantum superdense cod-
ing [5].
One of the most important and interesting problems
in studying the entanglement is how to quantify the en-
tanglement in a composite quantum system. In 1996,
the authors in [6] proposed the distillable entanglement
and entanglement cost and presented their operational
interpretations. The authors in [7] presented three nec-
essary conditions that an entanglement measure should
satisfy in 1997, and one of the important conditions is
that the quantum entanglement cannot increase under
LOCC. In 2000, Vidal proposed a general mathemati-
cal framework for entanglement measures [8]. There the
author also presented a convex roof extended method to
bulid entanglement monotone for bipartite entangled sys-
tems from some functions on bipartite pure states. The
other important method to quantify the quantum entan-
glement is based on the distance to the closest separable
state. The most important examples are the geometric
measures [9, 10] and the quantum relative entropy [11].
Due to the monotonicity of the inner product and quan-
tum relative entropy under the LOCC, it is clear that
the above two are entanglement measures. Another im-
portant method to build an entanglement measure of a
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bipartite state ρAB is the minimum quantum conditional
mutual information of all the extensions of ρAB. there
the authors named the measure the squashed entangle-
ment [12]. Compared with the entanglement distillation,
the squashed entanglement is additive on tensor prod-
ucts and superadditive in general. Recently, Gour and
Tomamichel proposed a new method to quantify the re-
source for the general resources [13].
In this paper, we mainly apply the method to build
an entanglement measure for mixed states from the mea-
sures for pure states. Given an entanglement measure
E for pure states in bipartite systems, we first present a
sufficient condition when an entanglement measure built
from the method here is an entanglement monotone.
Then we consider the relation between an entanglement
measure built from the method here and the convex roof
extended method [8]. And we also present a condition
when the entanglement measure built from the method
here is convex. As an application, we present a difference
between the LOCC and SEPP by the Schmidt number
under the method here [13, 14], this is an entanglement
measure which can be increased under the separability-
preserving operations. Then we present the relation be-
tween the geometric entanglement measure under the
convex roof extend and the method proposed here, we
also present that for 2⊗ 2 systems, the concurrence built
from the convex roof extended method and the method
here are equal, based on the result, we have that the
concurrence satisfies the monogamy of entanglement pro-
posed in [15] for 2⊗ 2⊗ d systems.
This paper is organized as follows. In Sec. II, we
first present the preliminary knowledge needed here, and
then we present a sufficient condition when the entangle-
ment measure built here is entanglement monotone, we
also consider a condition when the entanglement mea-
2sure built from the method here is convex. In Sec. III,
we present an interpretation of the smoothed one-shot
entanglement cost under the method here. In Sec. IV,
we present some applications of the entanglement mea-
sure bulit from here, first we present a difference between
the LOCC operations and the separability-preserving op-
erations, then we present the relationship between the ge-
ometric entanglement measure for pure states built from
the convex roof extended method and the method here,
at last, we consider the entanglement measure general-
ized from the concurrence for pure states in 2⊗2 systems,
and then we show the entanglement measure is monog-
amous for 2 ⊗ 2 ⊗ d system. In Sec. V, we end with a
conclusion.
II. BUILDING ENTANGLEMENT MONOTONE
FOR PURE STATES
In this section, first we recall some preliminary knowl-
edge on the entanglement measures and operations of
entanglement theory. Then based on the method [13]
proposed , we will propose some entanglement measures
built from entanglement measure for pure states, and
we present some sufficient conditions when entanglement
measures are entanglement monotone, convex and sub-
additivity.
In the following, we denote D(HAB) the set of states
on HAB and S(HAB) the set of separable states on
HAB. If a bipartite pure state |ψ〉AB can be written as
|ψ〉AB = |φ1〉A ⊗ |φ2〉B , then |ψ〉AB is separable, other-
wise, |ψ〉AB is an entangled state. If a mixed state ρAB
can be written as ρAB =
∑
i piρ
i
A⊗ σiB, then ρAB is sep-
arable, otherwise, ρAB is entangled.
Recall that an entanglement measure E : D(HAB) →
R
+ is an entanglement measure [7] if it satifies:
(i) E(ρAB) = 0 if ρAB ∈ S(HAB)
(ii) E doesnot increase under the LOCC operation.
E(Ψ(ρAB)) ≤ E(ρAB),
here Ψ is an LOCC operation.
In [16], the author presented that when E satisfies the
following two conditions, E is an entanglement mono-
tone,
(iii) E(ρ) ≥ ∑k pkE(σk), here σk = Ei,k(ρAB)pk , pk =
Tr Ei,k(ρAB), Ei,k is any unilocal quantum opera-
tion performed by any party A or B.
(iv) For any decomposition {pk, ρk} of ρAB
E(ρ) ≤
∑
k
pkE(ρk)
Obviously, when E is an entanglement monotone, E is
an entanglement measure.
Assume |ψ〉AB is a bipartite pure state inHAB that can
be written as |ψ〉AB =
∑
i
√
λi|ii〉, and let µ↓(|ψ〉AB) be
the vector (λ0, λ1, · · · , λd−1) in decreasing order, then we
recall entanglement measures Ek for pure states |ψ〉AB,
Ek(ψAB) = fk(Tr |ψ〉AB〈ψ|) =
∑d−1
i=k−1 λi [8]. Next we
recall that if an entanglement measure E for a pure
state |ψ〉 is the same entanglement ordering [17] with
Ek, k = 1, 2, · · · , d, we mean that if for any two vectors
|ψ1〉 and |ψ2〉, Ek(ψ1) ≥ Ek(ψ2), k = 1, 2, · · · , d, then
E(ψ1) ≥ E(ψ2).
Assume Λ : A → A′ is a completely positive and
trace-preserving map, then its Choi matrix is JΛ =
(I ⊗ Λ)(|Ψ〉AA′ 〈Ψ|), here |Ψ〉AA′ is a maximally entan-
gled state. As the LOCC operations are hard to charac-
terise mathematically, then some important problems on
quantum entanglement theory are hard to solve. Some
meaningful methods proposed are to extend the set of
LOCC operations [18–22], which makes some problems
on distinguishing and transformation of entangled states
much easier to solver. Then we propose the structures
of separable operations (SEP), positive partial transpose
(PPT) operations, and separability-preserving (SEPP)
operations,
SEP ={Λ|Λ =
∑
i
(Ai ⊗Bi)† · (Ai ⊗Bi)}
PPT ={Λ|JTBB′Λ ≥ 0}
SEPP ={Λ|ρ is separable =⇒ Λ(ρ)is separable.}
Recently, Gour and Tomamichel proposed a new
method to extend the resource measures from one do-
main to a larger one [13]. Yu et al. considered the co-
herence measures in terms of the method and presented
operational interpretations for some coherence measures
[23]. Here we apply this method to the entanglement
theory to present new entanglement measures, and then
we consider the properties of the entanglement measures.
Assume |ψ〉AB is a pure state inHAB, E is an entangle-
ment measure for pure states in HAB, then we extend the
above measure for pure states to a corresponding quan-
tity for the mixed states,
E(ρAB) = inf|ψ〉AB∈R(ρAB)
E(|ψ〉AB), (1)
here the infimum takes over all the pure states in the set
R(ρAB) = {ψAB ∈ HAB |ρAB = Λ(ψAB),Λ ∈ T .} Here
T stands for LOCC, SEP, PPT or SEPP.
Next we recall the convex roof extended method to
bulid an entanglement monotone for a mixed state that
Vidal proposed in [16].
Assume E(|ψ〉AB) = f(TrB(|ψ〉AB〈ψ|)), f : D(HA) →
R+. If f satisfies the following conditions:
(i) U -invariant: f(UσU †) = f(σ), ∀σ ∈ D(HA), U is a
unitary matrix on HA,
(ii) concave: f(λσ1+(1−λ)σ2) ≥ λ1f(σ)+(1−λ)f(σ2),
here σi ∈ D(HA), i = 1, 2, λ ∈ (0, 1).
3Vidal showed E is an entanglement monotone for mixed
states by the convex roof extended method [16],
Ef (ρAB) = min{pi,|ψ〉AB}
∑
i
piE(|ψi〉), (2)
where the minimum takes over all the decomposition of
{pi, |ψi〉AB} such that ρAB =
∑
i pi|ψi〉〈ψi|.
Theorem 1 Assume ρAB ∈ D(HAB), then when T con-
sists of the LOCC operations, the entanglement measure
defined as (1) is an entanglement measure. If E is en-
tanglement monotone for pure states, then E satisfies the
condition (iii), when the function f corresponding to E
satisfies f(λ1Λ1 + λ2Λ2) ≤ λ1f(Λ1) + λ2f(Λ2), here Λi,
i = 1, 2 are diagonal matrices on the space HA, then E
satisfies the condition (iv).
Proof. The proof that (1) is an entanglement measure
can be found in [13].
Then we prove the condition (iii) when E is an entan-
glement monotone for pure states.
If |ψ〉AB is a pure state. There exists a decomposition
{pk, |φk〉} such that |ψ〉 LOCC→ {pk, |φk〉} of ρ, then by the
assumption,
E(|ψ〉) ≥
∑
k
pkE(|φk〉), (3)
Next when ρ is a mixed state, assume |ψ〉 is the optimal
pure state for ρ in terms of E, there exists a decomposi-
tion {rj , |ηj〉} of ρ such that
|ψ〉 LOCC−→ {rj , |ηj〉},
µ↓(|ψ〉) ≺
∑
j
rjµ
↓(|ηj〉), (4)
here ρ =
∑
j rj |ηj〉〈ηj |, the second equality is due to the
results in [24]. Assume Ek is a unilocal operation on party
B, then let ρk =
Ek(ρ)
qk
, qk = Tr Ek(ρ), ρjk = Ek(|ηj〉)tjk ,
tjk = Tr Ek(|ηj〉). Due to the definition of E, it is invari-
ant under local unitary operations, it is monotone under
the actions
ρ→ ρ⊗ ρ1,
ρ→ Tr
Q
ρ,
here ρ1 is a state added by one party to its subsystem, Q
is held by B, and TrQ ρ is the partial trace on Q. When
Ek stands for the unilocal von Neumann measurement
{I⊗Mk}, ρjk can be pure, and we write ρjk = |ξjk〉〈ξjk|.
µ↓(|ηj〉) ≺
∑
k
tjkµ
↓(ρjk), (5)
The above equality is due to the Theorem 1 in [24].
Next let |χk〉 be a pure state with
µ↓(|χk〉) =
∑
j
rjtjk
mk
µ↓(|ξjk〉), (6)
here mk =
∑
j rjtjk, then
|χk〉 LOCC→ ρk, (7)
this is due to (6) and Theorem 1 in [24].
Combing the equality (4), (5) and (6), we have
µ↓(|ψ〉) ≺
∑
k
mkµ
↓(|χk〉). (8)
As Ek is linear, we have mk = qk, that is,
|ψ〉 LOCC→ {qk, |χk〉},
then under the results for pure states, we have
E(|ψ〉) ≥
∑
k
qkE(|χk〉), (9)
then we have
E(ρ) =E(|ψ〉)
≥
∑
k
qkE(χk)
≥
∑
k
qkE(ρk),
here the first inequality is due to the assumption of |ψ〉,
the second inequality is due to (9), the third inequality
is due to (7) and the definition of E.
Assume {qk, ρk} is a decomposition of ρAB, let |ψk〉 be
the optimal pure state for ρk in terms of the entangle-
ment measure E, and let {qkl, |θkl〉} be the corresponding
decomposition, by the results in [24], we have∑
l
qklµ
↓(|θkl〉) ≻µ↓(|ψk〉),
∑
kl
qkqklµ
↓(|θkl〉) ≻
∑
k
qkµ
↓((|ψk〉))
let |ψ〉 be the pure state such that µ↓(|ψ〉) =∑
k qkµ
↓((|ψk〉), then we have∑
kl
qkqklµ
↓(|θkl〉) ≻ µ↓(|ψ〉), (10)
the due to the result in [24], we have |ψ〉 can be trans-
formed into ρ under LOCC, then
E(ρ) ≤ E(|ψ〉) ≤
∑
k
qkE(ρk), (11)
here the first inequality is due to the definition of E, the
second inequality is due to the property of f. ⊓⊔
From the proof of the above theorem, we may have
the following result, it tells us that when we consider the
entanglement measure in (1) and T is LOCC, we could
decrease the size of the set of ρAB.
4Theorem 2 Assume that ρAB is a mixed state in HAB,
E is entanglement monotone for pure states, then we
have that
E(ρAB) = inf|ψ〉AB∈O(ρAB)
E(|ψ〉AB), (12)
where we denote O(ρAB) is the subset of R(ρAB) with
its element |ψ〉 satisfying µ↓(|ψ〉AB) =
∑
i piµ
↓(|φi〉AB),
here {pi, |φi〉AB} is a decomposition of ρAB.
Proof. By the definition of E(ρAB), we have that
E(ρAB) ≤ inf |ψ〉AB∈O(ρAB)E(|ψ〉AB). Then we prove the
other side of (12). Assume that |ψ〉AB is an optimal pure
state for the state ρAB in terms of E, by the similar
analysis in Theorem 1, then we have there exists a de-
composition {pi, |φi〉AB} of ρAB such that
µ↓(|ψ〉AB) ≺
∑
i
piµ
↓(|φi〉AB), (13)
the equality (13) is due to the result in [24]. Next if we
take |ψ′〉 with µ↓(|ψ′〉) =∑i piµ↓(|φi〉AB), combing with
(13), we have that µ↓(|ψ〉AB) ≺ µ↓(|ψ′〉AB), combing the
result in [25], and the definition of E, we finish the proof.
⊓⊔
Then we make a comparision of E with Ef for a mixed
state ρAB.
Theorem 3 Assume that E is an entanglement measure
for pure states in HAB, and E is an entanglement mea-
sure for a mixed state defined as (1), then E is convex if
and only if E = Ef
Proof. As when ρAB = |ψ〉AB〈ψ| is a pure state in
HAB, Ef (|ψ〉AB) = E(|ψ〉), then by the result in [13],
we have that E(ρAB) ≥ Ef (ρAB). On the other hand,
from the definition of the Ef , Ef is convex. Assume that
{qj , |θj〉} is the optimal decomposition of ρAB in terms
of Ef , then we have that
E(ρAB) ≤
∑
j
qjE(|θj〉)
=Ef (ρAB), (14)
the inequality is due to the convexity of E, then we finish
the proof. ⊓⊔
Then we present a condition when E is convex.
Theorem 4 Assume ρ is a bipartite entangled state,
and ρ can be written as ρ = p1σ1 ⊕ p2σ2, here p1σ1 ⊕
p2σ2 means that supp(σ1) ∩ supp(σ2) = ∅, i.e. ρ =(
p1σ1
p2σ2
)
. And let E be an entanglement mea-
sure for a bipartite pure state |φ〉 ∈ HAB, E(|φ〉) =
f(TrB |φ〉〈φ|), if f is convex, then E(ρ) ≤ p1E(σ1) +
p2E(σ2).
Proof. Assume that |φi〉 is the optimal pure state
for σi in terms of the entanglemennt measure E, i =
1, 2, then there exists a decomposition {qk, |ϕik〉} of σi
such that µ↓(|φi〉) ≺
∑
k qkµ
↓(|ϕik〉),
∑2
i=1 piµ
↓(|φi〉) ≺∑2
i=1
∑
k piqkµ
↓(|ϕik〉). Next by the Ky-Fan’s maximum
principle [26], we have that fk is a concave function, and
combing supp(σ1)∩supp(σ2) = ∅, we have Ek(√p1|φ1〉+√
p2|φ2〉) ≥ p1Ek(|φ1〉) + p2Ek(|φ2〉), k = 1, 2, 3, · · · , d,
then µ↓(
√
p1|φ1〉 + √p2|φ2〉) ≺
∑2
i=1
∑
k piqkµ
↓(|ϕik〉),√
p1|φ1〉 + √p2|φ2〉 LOCC−→ ρ. Next as we assume f is
convex, then we have
p1E(σ1) + p2E(σ2)
≥E(√p1|φ1〉+√p2|φ2〉)
≥E(ρ), (15)
the first inequality is due to the convexity of the function
f, the second inequality is due to the definition of E in
(1). ⊓⊔
An important property of entanglement measure is ad-
ditivity, it means that ∀σ ∈ HAB, E(σ⊗n) = nE(σ),
if E(σ⊗n) ≤ nE(σ), we say E is subadditivity. Un-
fortunely, this property is not always valid for many
prominent entanglement measures, such as, entangle-
ment of formation [6], robustness of entanglement of en-
tanglement [27], relative entropy of entanglement [28, 29].
Moreover, the relative entropy of entanglement is addi-
tivity for pure states, while it is subadditivity for mixed
states. Here we present a condition when E is weak sub-
additivity.
Theorem 5 Assume E is an entanglement measure for
a pure state |ψ〉AB in HAB, and E is subadditive for pure
states. When ρ is a bipartite mixed state on HAB,
E(ρ⊗n) ≤ nE(ρ), (16)
Proof. Assume |ψ〉 is the optimal pure state for a
mixed state ρ in terms of E, then ρ⊗n can be transformed
into |ψ〉⊗n by LOCC. Due to the definition of E, we have
E(ρ⊗n) ≤E(|ψ〉⊗n)
≤nE(|ψ〉)
=nE(ρ). (17)
The first inequality is due to the definition of E in (1),
the second inequality is due to the subadditivity of E for
pure states, the first equality is due to the assumption
that |ψ〉 is the optimal for ρ in terms of E. ⊓⊔
III. AN OPERATIONAL INTERPRETATION OF
E
In this section, we will present the interpretation of
the smoothed quantum entanglement cost built under the
5method here. Entanglement cost (entanglement distilla-
tion) means the optimal rate r from (to) the two qubit
maximally entangled state
Ψr =
1
r
r−1∑
i=0
r−1∑
j=0
|ii〉〈jj|, (18)
Definition 6 [30] Assume ρ ∈ D(HAB), its one-shot en-
tanglement cost is defined as
Ec,1(ρ) = log inf
Λ∈LOCC
{r|Λ(Ψr) = ρ}, (19)
the smoothed entanglement cost is defined as
Eǫc,1(ρ) = inf
ρ∈Bǫ(ρ)
Ec,1(ρ), (20)
here Bǫ(ρ) = {ρ| 12 ||ρ − ρ|| ≤ ǫ}, ||A|| = Tr
√
A†A. Its
one-shot smoothed entanglement distillation is defined as
Eǫd,1(ρ) = log sup
Λ∈LOCC
{r|1
2
||Λ(ρ)−Ψr|| ≤ ǫ} (21)
Next we recall the definition of entanglement formation
and entanglement cost.
Definition 7 [6] Assume |ψ〉AB ∈ HAB, its entangle-
ment of formation is defined as
Ef (|ψ〉) = S(Tr
B
|ψ〉AB〈ψ|), (22)
here S(ρ) = −Tr ρ log ρ.
When ρ ∈ D(HAB) is a mixed state, its entangle-
ment of formation is defined by the convex roof extended
method,
Ef (ρ) = min{pi,|ψ〉}
∑
i
piEf (|ψ〉), (23)
where the minimization takes over all the decompositions
{pi, |ψ〉} of ρ such that ρ =
∑
i pi|ψ〉〈ψ|.
Assume ρ ∈ D(HAB), its entanglement cost is
Ec(ρ) = log inf{r| lim
n→∞ infΛ∈LOCC
Tr |ρ⊗n − Λ(Ψr)| = 0}
(24)
Next we present the similar smoothed entanglement
measure defined in (1).
Definition 8 [31] Assume ρAB ∈ D(HAB), E is an en-
tanglement measure defined in (1), the smoothed exten-
sion of E, E
ǫ
is defined as
E
ǫ
(ρ) = inf
ρ∈Bǫ(ρ)
E(ρ)
= inf
ρ∈Bǫ(ρ)
inf{E(|ψ〉)|Λ(|ψ〉) = ρ,Λ ∈ LOCC}.
(25)
Here we restrict T defined in (1) to be LOCC, and the
second inf takes over all the pure states |ψ〉 such that
Λ(|ψ〉) = ρ, Λ ∈ LOCC.
When we take E for pure states as entanglement cost,
we have the following theroem.
Theorem 9 Assume ρAB ∈ D(HAB), ǫ ∈ (0, 1), then
Eǫc,1(ρ) = E
ǫ
c,1(ρ).
Proof. Assume |ψǫ〉 is the optimal pure state for ρ in
terms of Eǫc,1, and let
Eǫc,1(ρ) = Ec,1(|ψǫ〉) = rǫ, (26)
next as when Λ is a quantum channel, ||Λ(ρ)||1 ≤ ||ρ||1,
then let Ω(|ψǫ〉) = ρǫ, here ρǫ ∈ Bǫ(ρ) we have
||Ω⊗n ◦ Λ(Ψ⊗nrǫ )− Ω⊗n(|ψǫ〉⊗n)||
≤||Λ(Ψ⊗nrǫ )− (|ψǫ〉⊗n)|| ≤ ǫ (27)
that is, Eǫc,1(ρ) ≥ Eǫc,1(ρ).
Next we prove the other side. Assume ρǫ is the optimal
of ρ in terms of Eǫc,1(ρ) and E
ǫ
c,1(ρ) = rǫ. Let |φǫ〉 be the
optimal for ρǫ in terms of Ec,1. Then we would show that
Ec,1(|φǫ〉) = rǫ.
First Ec,1(|φǫ〉) > rǫ is impossible, as by the defini-
tion of Ec,1, Ψrǫ can be the optimal pure state for ρǫ in
terms of Ec,1. Next if Ec,1(|φǫ〉) < rǫ, then by the similar
thought of (27), we see it is impossible, that is,
Ec,1(|φǫ〉) = Ec(ρǫ) = rǫ, (28)
next by the definition of Eǫc , we have E
ǫ
c(ρ) ≤ Eǫc,1(ρ).
Then we finish the proof. ⊓⊔
From the proof of the above theorem, we donot use the
property of LOCC, that is, when the set T of operations
in Eǫc is in line with the set of operations in E
ǫ
c,1, i.e.
T = SEP, PPT or SEPP, the above result is also valid.
Theorem 10 Assume ρ ∈ D(HAB), then we have
lim
ǫ→0
lim
n→∞
Eǫf (ρ
⊗n)
n
= Ec(ρ). (29)
Proof. From the definition of entanglement cost in
(24), we have that ∀ǫ, when n → ∞, there exists a Λ ∈
LOCC such that Λ(Ψǫr
⊗n) = ρn,ǫ, ρn,ǫ ∈ Bǫ(ρ⊗n), that
is
Ec(Ψ
ǫ
r
⊗n) ≥ Ec(ρn,ǫ) ≥ Eǫc(ρ⊗n), (30)
the second inequality is due to the definition of the
smoothed entanglement cost. Next denote σǫ as the state
such that Eǫc(ρ
⊗n) = Ec(σǫ), then as when |ψ〉AB is a
pure state, Ec(|ψ〉AB) = Ef (|ψ〉AB) = −Tr ρB log ρB,
and the Theorem 1 in [13], we have
Ec(σǫ) ≥ Ef (σǫ), (31)
In [32], the author showed that when ρ, σ ∈ D(HAB),
1
2 ||ρ− σ|| ≤ ǫ,
|Ef (ρ)− Ef (σ)| ≤ δ log d+ (1 + δ)h( δ
δ + 1
),
6here d is the dimension of the smaller of the two sys-
tem. Without loss of generality, we assume DimHA =
DimHB = d, δ =
√
ǫ(2− ǫ), h(ǫ) = −ǫ log ǫ − (1 −
ǫ) log(1− ǫ).
Eǫc(ρ
⊗n) ≥Ef (σǫ)
≥Ef (ρ⊗n)− nδ log d+ (1 + δ)h( δ
1 + δ
),
that is,
Eǫc(ρ
⊗n)
n
≥ Ef (ρ
⊗n)
n
− δ log d+ (1 + δ)h(
δ
1+δ )
n
. (32)
As lim
ǫ→0
h(ǫ) = 0 and lim
ǫ→0
δ = 0, then we have
Ec(ρ) = lim
ǫ→0
lim
n→∞
Ec(Ψ
ǫ
r
⊗n
)
n
≥ lim
ǫ→0
lim
n→∞
Eǫc(ρ
⊗n)
n
≥ lim
n→∞
Ef (ρ
⊗n)
n
=Ec(ρ). (33)
The last equality is due to the result in [33], then we
finish the proof. ⊓⊔
IV. APPLICATIONS
In the following, we presented that a difference between
the quantity defined in (1) between LOCC and SEPP.
Then we present that the entanglement generated from
the geometric entanglement measure for pure states by
the convex roof extended method and the method pro-
posed here are equal. At last, we present that for the
2 ⊗ 2 system, the entanglement generated from concur-
rence for pure states by the convex roof extended method
and the method proposed here are equal, and we present
that the entanglement measure generated by concurrence
for pure states by the method proposed here is monog-
amous under the definition of monnogamy proposed in
[15].
A. An Example on an entanglement measure
under SEPP
Definition 11 [14] Assume |ψ〉AB is a pure state, its
Schimidt number
Sch(|ψAB〉) = Rank(ρA),
here ρA = TrB |ψ〉AB〈ψ|.
When ρAB is a mixed state, then its Schimidt num-
ber Sch(ρ) is k, if (i) there exists a decomposition of
{pi, |ψi〉} such that the Schimidt number of all the pure
states |ψi〉 are at most k, (ii) for any decomposition
{pi, |ψi〉} of ρAB, there exists at least one pure state |ψj〉
in the set {|ψi〉} with its Schmidt number at least k.
In [13], the authors showed that when the entangle-
ment measure E is the Schmidt number, T = LOCC,
E(ρAB) = E(ρAB). In [34], the authors presented the
following interesting result.
Lemma 12 [34] For every biparitite state ρ and any pos-
itive interger k, there exists a SEPP operation Λ such
that Λ(|ψk〉) = ρAB if and only if R(ρ) ≤ R(|ψ〉), here
|ψk〉 = 1√
k
∑
i |ii〉 is a maximally entangled state, and
R(ρ) is its robustness of entanglement which is defined
as follows
R(ρ) = min
σ∈S(HAB)
mins{s|ρ+ sσ/(1 + s) ∈ S(HAB)}.
Then we present that when T ∈ SEPP, the entan-
glement measure built from the method here can be in-
creased.
Example 13 Assume that |ψ〉 = 1√
3
(|00〉+ |11〉+ |22〉),
let
ρ =
1
4
|φ1〉〈φ1|+ 3
4
|φ2〉〈φ2|,
|φ1〉 =1
2
|00〉+ 1
6
|11〉+ 1
6
|22〉+ 5
6
|33〉,
|φ2〉 =1
2
|00〉+ 1
8
|11〉+ 1
8
|22〉+
√
46
8
|33〉,
in [27], the authors showed that when |φ〉 = ∑i√λi|ii〉,
R(|φ〉) = (∑i√λi)2 − 1, then
R(|ψ〉) =2,
R(|φ1〉) =1.7778, R(|φ2〉) = 1.5529.
Next as R is convex, we have R(ρ) ≤ 1.7778 < 2, due
to the Lemma 12, we have that there exists a SEPP Λ
such that Λ(|ψ〉) = ρ. However, it is clear to see that
Sch(|ψ〉) = 3, Sch(ρ) = 4, that is, when T stands for
the LOCC in (1), E(ρ) = 4, when T is SEPP in (1),
E(ρ) ≤ 3.
B. The extension of geometric entanglement
measure
Here we first discuss the connection between the exten-
sion of geometric entanglement measure by the method
of (1) and the original definition defined in ρ [9]. The
latter is defined as the maximum overlap between ρ and
any fully product states |a1, ..., an〉. That is,
G(ρ) := 1− max
|ψ〉=|a1,...,an〉
〈ψ|ρ|ψ〉. (34)
The GME is a fundamental multipartite entanglement
measure in the past decades [35–37]. The GME can
quantify the entanglement of experimentally realizable
states, GHZ states, W states and graph states for one-
way quantum computing [38], topological quantum com-
puting [39], and six-photon Dicke states [40], respectively.
7Assume |ψ〉 =∑i√λi|ii〉 ∈ HAB, here we can assume
λj ≥ λj+1, then from the definition of (34), we have
G(|ψ〉) =1−max
φ
|〈φ|ψ〉|2
=1− λ0. (35)
The extension of geometric entanglement measure is
defined as
G(ρ) = inf
ψ∈R(ρ)
G(|ψ〉), (36)
here R(ρ) is the set of pure states that can be tansformed
into ρ through LOCC. Next we prove that
Theorem 14 Assume ρ ∈ D(HAB), then
G(ρ) = Gf (ρ), , (37)
here Gf for mixed states is built by the convex roof ex-
tended method defined in (2).
Proof. As when |ψ〉 ∈ HAB, Gf (|ψ〉) = G(|ψ〉), by the
Theorem 1 in [13], we have
G(ρ) ≥ Gf (ρ). (38)
Next assume {pi, |φi〉} is the optimal decomposition of ρ
in terms of Gf , assume |ϕ〉 is the pure state with µ↓(ϕ) =∑
i piµ
↓(φi), by the main result in [24], ϕ
LOCC−→ ρ, by the
definition of G, we have
G(ρ) ≤ Gf (ρ). (39)
Combing with (38) and (39), we finish the proof. ⊓⊔
C. Some results on 2⊗ 2 states
Here we first recall the definition of concurrence for
bipartite quantum states. Assume |ψ〉AB ∈ HAB, its
concurrence [6] is defined as
C(|ψ〉AB) =
√
2(1− Tr ρ2A), (40)
here ρA = TrB |ψ〉AB〈ψ|. When ρAB is a bipartite mixed
state, its concurrence is defined as
C(ρAB) = min{pi,|φi〉}
∑
i
piC(|φi〉), (41)
where the minimum takes over all the decompositions
{pi, |φi〉} of ρAB such that ρAB =
∑
i pi|φi〉〈φi|.
Moreover, when |ψ〉AB is bipartite qubit pure state,
By the Schimidt decomposition, |ψ〉AB can be written as
|ψ〉AB =
√
λ0|00〉+
√
λ1|11〉, (42)
here we assume 1 ≥ λ0 ≥ λ1 ≥ 0, λ0 + λ1 = 1. And by
computation, its concurrence is C2(|ψ〉AB) = 4λ0(1−λ0),
that is,
λ0 =
1 +
√
1− C2
2
, λ1 =
1−√1− C2
2
. (43)
Next we present the relation between C and C of a
bipartite state ρAB.
Theorem 15 Assume ρAB ∈ D(H2⊗H2), then we have
C(ρAB) = C(ρAB). (44)
Proof. Assume {pi, |φi〉} is the optimal decomposition
of ρAB in terms of C, that is, for any decomposition
{qk, |ϕk〉} of ρAB,∑
i
piC(|φi〉) ≤
∑
k
qkC(|ϕk〉).
Let |χ〉 be a pure state with µ↓(|χ〉) =∑i piµ↓(φi), then
by the theorem 1 in [24], we have |χ〉 can be transformed
into |φi〉 with probability pi, that is, |χ〉 LOCC−→ ρAB.
Next in [41], the authors showed that for a two-qubit
state ρAB, there exists a decomposition {rl, |ωl〉} of ρAB
such that
C(ρAB) = min{rl,|ωl〉}
∑
l
rlC(|ωl〉),
C(|ωl〉) =C(ρAB), ∀l. (45)
Then we have∑
l
rl
√
1− C2(|ωl〉) =
√
1− C2(ρAB)
≥
√
1− (
∑
k
qkC(|ϕk〉)2
≥
∑
k
qk
√
1− C2(|ϕk〉), (46)
here we denote that {qk, |ϕk〉} is an arbitrary decomposi-
tion of ρAB. The first inequality is due to the definition of
concurrence, the second inequality is due to the Cauchy-
Schwarz inequality. The by the equality (43), we have
that ∑
l
rlµ
↓(|ωl〉) ≻
∑
k
qkµ
↓(|ϕk〉). (47)
Next we prove that the state |υ〉 with µ↓(|υ〉) =∑
l rlµ
↓(|ωl〉) is the optimal for ρAB in terms of C.
First if |ξ〉 ∈ R(ρAB), then there exists a decomposition
{mt, |φt〉}
µ↓(|ξ〉) ≺
∑
t
mtµ
↓(|φt〉) ≺
∑
l
rlµ
↓(ωl), (48)
8on the other hand, as C(|ωl〉) = C(ρ), ∀l, and λ0 =
1+
√
1−C2
2 , λ1 =
1−√1−C2
2 then we have that
µ↓(|υ〉) = µ↓(|ωl〉) ≻ µ↓(|ξ〉), (49)
that is, |ξ〉 LOCC−→ |υ〉. Due to the definition of C, we have
that |υ〉 is the optimal pure state for ρAB in terms of E.
Last, by the above analysis and the definition of C(ρAB),
we have that
C(ρAB) = C(ρAB). (50)
Then we finish the proof. ⊓⊔
Here we remark that from the proof of the above
theorem, other entanglement measures in terms of the
method proposed here for the states in 2⊗ 2 systems can
be obtained, such as Tsallis-q entanglement measure [42]
and Re´nyi-α entanglement measure [43] when q [44] and
α [45] are in some regions.
Monogamy of entanglement (MoE) is a fundamental
property that can distinguish entanglement from classical
correlations. Mathematically, MoE means that it can be
characterized as in terms of an entanglement measure E
for a tripartite system A,B and C,
EA|BC ≥ EAB + EAC ,
here EAB denotes the entanglement AB in terms of E . Al-
though many entanglement measures satisfy the above
inequality for multi-qubit systems [12, 44, 46–48], the
above inequality is not valid in general in terms of almost
all entanglement measures for multipartite higher dimen-
sional systems [48, 49], it seems only one known entan-
glement measure, the squashed entanglement, is monog-
amous for arbitrary dimensional systems [12].
Recently, a generalized monogamy relation for an en-
tanglement measure E was proposed in [15]. There
the authors defined that an entanglement measure E is
monogamous for a tripartite system A,B and C if for
any ρABC ∈ HA ⊗HB ⊗HC ,
EA|BC = EAB =⇒ EAC = 0. (51)
Moreover, the authors showed a class of entanglement
measures satisfies the above relation for tripartite sys-
tems [50]. Next we present a corollary due to the Theo-
rem 15.
Corollary 16 Let ρABC ∈ D(H2 ⊗ H2 ⊗ Hd), then if
C(ρA|BC) = C(ρAB), then C(ρAC) = 0.
Proof. Due to the Theorem 15 and the assumption,
we have
C(ρA|BC) = C(ρAB) = C(ρAB), (52)
next by the Theorem 1 in [50],
C(ρA|BC) ≥ C(ρA|BC), (53)
then combing the (52) and (53), we have that
C(ρA|BC) ≥C(ρA|BC)
≥C(ρAB)
=C(ρAB), (54)
that is, C(ρA|BC) = C(ρAB). As in [50], the authors
presented that C is monogamous, then C(ρAC) = 0, that
is, ρAC is separable. On the other hand, a seprable pure
state can be transformed into a separable mixed state
through LOCC, then we have
C(ρAC) = 0. (55)
⊓⊔
V. CONCLUSION
In the paper, we have presented an approach to bu-
lid an entanglement measure for mixed states based on
the measure for pure states. First we have presented
when the entanglement measure is entanglement mono-
tone, convex and subaddivity, we also have considered
the relationship between the entanglement measure built
by the convex roof extended method and the method
proposed here. Then we present the relation between
the smoothed one-shot entanglement cost and the en-
tanglement cost built from the method proposed here,
which may present an operational interpretation of the
latter entanglement measure. At last, we have presented
some applications, first we have presented an example, it
told us a difference between the measure bulit from the
method here under SEPP and LOCC, then we have pre-
sented the equality between the entanglement measure
generated from the geometric entanglement measure for
pure states under the convex roof extended method and
the method here, we also have presented that for 2 ⊗ 2
systems, the entanglement measure generated from the
concurrence for pure states under the convex roof ex-
tended method and the method here are equal, which can
show the entanglement measure bulit from our method
is monogamous for 2⊗ 2⊗ d.
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